Let E be a nonempty finite set. H. Narayanan showed a theorem describing that the family {IT 1 IT ? PE, ^Gxgn, ^(X) = rninngPE xxen j(X)} forms a lattice, where f is a submodular function on 2^ and PE is the set of all partitions of E. On the other hand, L. S. Shapley gave a theorem on a necessary and sufficient condition for a convex game to be decomposable. We give a theorem which is a generalization of these two theorems.
Introduction
Let E be a nonempty finite set and f : 2E + R submodular. For the purpose of solving problems in electrical network theory, H. Narayanan [3] studied structure of the set of the partitions Pc = {IT [ IT' 6 PE, /(II') = minnepr /(IT)}, where PE is the set of all partitions of E and = f ( X ) . He showed that P E forms a lattice. On the other hand, L. S. Shapley [4] introduced convex games and studied their properties. One of his results is a necessary and sufficient condition for a convex game to be decomposable.
Our purpose is aimed at generalizing these two results. We pay attention to two following concepts: first, Veinott relation ([5] ) which is an order on a set of sublattices, and secondly, properties of sum of a submodular function f : 2 --+ R over the subpartitions of E. In section 2 we introduce a concept of ^-chain related to Veinott relation and that of Vfunction as a generalization of such a function /. In section 3 we give our main result with an additional property obtained from it, and show that the result is a generalization of Narayanan's and Shapley's results.
Definitions and preliminaries
Suppose a finite lattice L = (L, V , A ) with order :< is given. For X , Y 6 2' , if X E X and y E Y imply that x A y E X a n d x v y E Y, then w e d e n o t e x dv Y. 
D
We call the order dv Veinott relation, which is named after a person introducing the order. Let L* = (Li, V, A), L2 = (L2, V , A), --. , Ln = (Lw V, A ) be sublattices of L. If {Li, L2, ---, Ln} satisfies respectively, where C is a chain (i.e., for a,ll distinct X , y G C, either X -& y or y -& X). We denote the direct product of A and C by A X C . We define V and A on A X C as follows: for any two elements (a,, c,) E A X C (i = 1 , 2 ) , (al, cl) V (a2, 0 2 ) = (al V A cl VC c2), (a1, cl) A (a2, c2) = (al AA 0 2 , c1 Ac c2). Then, for each nonempty subset {cil, ci2, -, c;,} of C and sublattice B = (B, V A , A A ) of A , {B X {czl}, B X {cz2}, . -. , B X {cÃ£} is a ^'-chain of A X C.
Example 3: A partition IT of a nonempty finite set E is a set of nonempty disjoint subsets of E whose union is E . A subpartition II of a set E is a set of nonempty disjoint subsets of E. Thus 
We denote by ALc the set of all ^-chain of L. Let X* be the minimal element of L and LC E ALc. For a given LP 6 Lc and X G LP, if X # X, and
then we call it a decomposition of X. One may notice that {X} is a decomposition of X. We define that {X*} is the decomposition of X*. We denote by Dx the set of all decompositions of X. If Zx G DX and I Z j 5 j Z z j for all Z E Dx, we call Zx a finest decomposition of X. We denote by FDx the set of all finest decompositions of X. Let V : L -+ R be a function. For any L;, L, E Lc, suppose (c.1) X \ is the minimal element of L; (i.e., X \ 5 X ( X G L2)),
The following conditions characterize a special class of functions on L.
(Note that V xi â L;.)
Condition 2: For a given ih E 22, if X E Li and
If a function V : L -+ R satisfies above three conditions for every Zk E FD?, then we call V a V-function with respect to Le.
Let E be a nonempty finite set. A function f : 2E + R is called a submodular function 
Sublattices Related to Vcinott Relation
Claim: Suppose X E LT and ij E L;. For ih G Z2 E F D y , we have
(Proof of Claim) From Li Lj and V($) = m i n^ V(y), we have Moreover, from L; -< L, and Condition 2, we obtain Therefore, from Condition 1, (3.3) and (3.4) we have (3.1) and (3.2) . (The end of the proof of Claim) Let 2, = {il, i2, --, ik}. Repeating the application of (3.1) with ( Q v (~~v x~) v -. V (~~V X~) ) and ih+l V X \ for h = 1 to k -1, we have 
